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Abstract

Photovoltaic systems that are partially shaded show changes in their I–V curve that makes its shape is different from that typically
shown in unshaded PV panels. The effects of shading depend on several factors like electrical connections between elements or the
geometry of the PV-cells.

This paper presents a generalized, quick and simple method for modelling and simulating the electrical behaviour of PV installations
under any shading situation which is mainly based in the Bishop modelling. So, the proposed method models PV-systems by discretizing
currents and voltages in PV-cells which are connected in series and parallel associations (PV-cells, PV-groups, PV-modules, PV-strings
and PV-array). For the PV-cell, a non-linear and implicit function which takes into account forward and reverse biasing is considered.
Bypass diodes have also been included in the model. The relationship between discrete currents and voltages is established using the
Newton–Raphson algorithm, analytical approximations and interpolation methods.

The proposed method is used to provide a complete analysis of current, voltage and power in several PV systems under partial
shading conditions.
� 2014 Elsevier Ltd. All rights reserved.
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1. Introduction

The shading of a photovoltaic (PV) installation implies
that may have PV-cells working in different irradiance con-
ditions within the same installation. Thus, elements (cells or
diodes) that are normally working forward (or reverse)
biased could change its polarization. Furthermore, other
working parameters (e.g. the PV-cell temperature) could
be different between neighbouring elements. As a conse-
quence, for a detailed analysis of the electrical behaviour
of partially shaded PV installations, it is necessary take into
account their simplest elements, cells and diodes, and the
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different parallel and series associations between them.
The system of equations derived from this analysis is charac-
terized by its large dimension and by being formed by non-
linear equations. This system of equations usually presents
convergence problems due to their strong nonlinearity.

Some authors propose several methods to study the PV
systems based on Newton–Raphson (Karatepe et al., 2006;
Quaschning and Hanitsch, 1996; Kawamura et al., 2003),
Gauss–Seidel (Chatterjee et al., 2011), Lambert W-function
and Newton–Raphson (Petrone and Ramos-Paja, 2011;
Petrone et al., 2007) and piecewise-linear technique (Wang
and Hsu, 2011).

Most authors have studied the behaviour of partial
shading on individual photovoltaic modules (Quaschning
and Hanitsch, 1996; Kawamura et al., 2003; Bishop,
1988; Caluianu et al., 2009; Alonso-Garcı́a et al., 2006a;
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Fig. 1. Elements of a PV array.
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Silvestre and Chouder, 2008; Chen and et al., 2010; Silves-
tre et al., 2009). Other authors have analyzed PV systems
with various modules (Karatepe et al., 2006; Petrone and
Ramos-Paja, 2011; Petrone et al., 2007; Bishop, 1988; Sil-
vestre et al., 2009; Dı́az-Dorado et al., 2010a, 2010b) but
their results cannot generalized to model a PV array. Previ-
ous papers analyse the behaviour of modules or installa-
tions considering the actuation of the bypass diodes.
However, only some authors have considered the behav-
iour of cells in reverse bias caused by shading and its effect
on the generation (Quaschning and Hanitsch, 1996;
Bishop, 1988; Silvestre et al., 2009; Alonso-Garcı́a and
Ruı́z, 2006; Garcı́a et al., 2008). In Bishop (1988), three
types of interconnection circuits of PV-cells are considered
including bypass diodes and blocking diodes.

In other cases, approximated values or limit values are
considered to analyse the power losses of photovoltaic sys-
tems (Dı́az-Dorado et al., 2010b, 2011; Alonso-Garcı́a
et al., 2006b; Narvarte and Lorenzo, 2008; Gordon and
Wenger, 1991; Woyte et al., 2003; Martı́nez-Moreno
et al., 2010; Di Piazza and Vitale, 2010; Perpiñán, 2012).

As an alternative method to avoid trying to solve large
systems of non-linear equations, this paper presents a dis-
crete method for modelling the I–V characteristics of PV-
arrays under any shading condition. The proposed discrete
method is an improvement, generalization and systematiza-
tion of that introduced by Bishop (1988). The proposed
one considers the Newton–Raphson algorithm to solve
the implicit non-linear equations related to PV-cells, unlike
the Bishop method that uses a two-step iterative process.

This allows to define the I–V characteristic of each PV-
cell by means of discretized model. Consequently, a generic
PV-array can be solved taking into account the electrical
characteristics of series and parallel associations by using
discretized models.

As a result, the proposed method overcomes the needing
of solving a large system of non-linear equations (Karatepe
et al., 2006). So, the typical problems of convergence and
large time-consuming computations are overcame. Further-
more, this method does not require to do approximations to
represent diodes and PV-cells, e.g. null voltage during for-
ward biasing of diodes. It must be taken into account that
the accuracy of the results only depends on the discretiza-
tion step used for current and voltage variables.

This paper is organized into five sections. Section 2 pre-
sents the equations of the PV-cell, bypass diode and shading
modelling. In Section 3, the proposed discrete model is devel-
oped, starting from the discretization of series associations
(PV-cells, PV group, PV-module and PV-string) to the paral-
lel association (PV-array). Section 4 analyses the behaviour
of three PV installations with different partial shading condi-
tions. Finally, the conclusions are presented in Section 5.

2. Modelling of PV-cells and shadows

A PV-array can be considered as a set of PV-cells and
diodes with different series and parallel associations
(Fig. 1). In general, a PV-array can be defined as a set of
NxRxMxL of PV-cells connected as follows: N PV-cells
in series with a bypass diode form a PV-group, R PV-
groups in series form a PV-module, M PV-modules in ser-
ies form a PV-string and L PV-strings in parallel form the
PV-array. From a mathematical point of view, a PV-array
is an electrical network with two types of non-linear ele-
ments connected in series and/or parallel: PV-cells and
bypass diodes.

The following paragraphs discuss the PV-cell model, the
equation of the bypass diode and a proposed model for
partial shading on a PV-array.

2.1. Modelling of PV-cell and bypass diode

Generally a PV-cell can be expressed by means of a non-
linear relationship between four variables: current (I in A),
voltage (V in V), irradiance (G in W/m2) and cell tempera-
ture (T in K). In this paper, a non-linear implicit function is
used for PV-cell, where T and G are supposed to be known,
and V and I are the variables of the I–V model. The PV-cell
is modelled using the following equation that allows the
analysis of forward and reverse biasing (Bishop, 1988):

I ¼ IL � I0 e
qVþIRs

nkBT � 1
� �

� V þ IRs

Rp
1þ a

ð1� VþIRs
V br
Þm

 !
ð1Þ

IL ¼
G
G0

IL0

where G0 is the irradiance under Standard Test Conditions
(STC), kB is Boltzmann constant, Rp is the cell shunt resis-
tance, Rs the cell series resistance, Vbr is the junction break-
down voltage, a is the fraction of ohmic current involved in
avalanche breakdown, m is the avalanche breakdown expo-
nent and q is the electron charge.

For the sake of simplicity, the temperature has been sup-
posed to be constant in the PV-array. As a consequence,
this equation in its implicit form can be written as:

f ðV ; I ;GÞ ¼ 0 ð2Þ
In Appendix A, experimental PV-cell curves and the
parameters for this equation are shown.

Finally, for the bypass diode used in PV-group clusters,
which are typically standard silicon rectifier diodes, the fol-
lowing equation can be used:
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Fig. 2. Example of a shaded PV-array.
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I ¼ I0 e
qV

kBT � 1
� �

ð3Þ

where V and I are the voltage and current in the diode and
I0 is the reverse saturation current.

2.2. Modelling of partial shading on a PV-array

A PV-cell has two working regions: the forward bias
region (PV-cell voltage: V > 0), where energy is generated,
and the reverse bias region (PV-cell voltage: V < 0), where
energy is consumed. In Appendix A, they are shown I–V

curves of different PV-cells where forward bias and reverse
bias have been considered (see Fig. 26).

Partial shading provoke a nonuniform irradiance distri-
bution over the PV-array, as a consequence, each PV-cell in
the array could have a different irradiance. In this paper,
the shading has been represented by means of a model that
relates the shading geometry with the irradiance. So,
assuming the global irradiance G is composed by beam
or direct irradiance Gb and diffuse irradiance Gd:

G ¼ Gb þ Gd ð4Þ

Then the shading effect over the “i” PV-cell can be
expressed by:

Gi ¼ ri � Gb þ Gd ð5Þ

where the parameter ri is noted as the shading coefficient.
For a partially shaded cell the coefficient ri is:

ri ¼ 1� fi=A ð6Þ

where A is the area of the PV-cell and fi is the shaded area,
so ri is equal to 0 for a shaded cell and it is equal to 1 for a
unshaded cell.

The complete simulation of a shaded array requires two
types of data: (1) the electrical connection between PV-
cells, PV-groups, PV-modules and PV-strings, in this way
any PV-cluster can be electrically modelled, and (2) the
geometric disposition of PV-cells in the array to allow the
calculation of the effect of partial shading on each PV-cell
(see Fig. 2).

3. Proposed method to obtain discrete I–V characteristics

According to the scheme of PV-array (see Fig. 1) and the
shading conditions (see Fig. 2), in this paper, it is proposed
series association
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Fig. 3. Different types of
a discrete method to systematically obtain the I–V charac-
teristic of the PV-array as a whole. This discrete method
starts with the analysis of PV-cells series association (see
N-PV-cells in Fig. 4). Following the discretization of
PV-group considering the bypass diode, the modelling of
PV-module and PV-string are carried out. Finally, the
PV-array is analyzed considering that is formed by a paral-
lel association of PV-strings.

Therefore, the proposed discrete method takes into
account two types of electrical associations (see Fig. 3)
and, consequently, two basic processes: (i) series associa-
tion, when PV-cells are in series and (ii) parallel associa-
tion, when a set of PV-cells in series association has other
elements in parallel.

In a series association, for a given current I the corre-
sponding voltage for the element “i” can be obtained by
means of the relation:

I ! f ðV ; I ;GiÞ ! V i ð7Þ

where the existence of a unique solution derives from the
fact that the function f is monotonically increasing (or
decreasing). This can be applied for PV-cell and diode
functions.

The resulting voltage of the complete association can be
obtained by:

V ¼
X

i

V i ð8Þ

Any solution for the series association can be expressed
by means a (I,Vi) pair, taking into account that I is
common to all the elements that form the series. So, the
space of solutions might be represented by means of the
current discrete vector ½IðkÞ� and its corresponding voltage
parallel association

V

aI bI

a bI I I= +

( ) 0b bf V ,I ,G =) 0a aI ,G =

+

_

element associations.
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Fig. 4. Equivalent circuit of N-PV-cells.
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discrete vectors V ðkÞ½ �i and ½V ðkÞ�. For example, for two
elements in series and a given current discrete vector,
the voltage discrete vectors of each element can be
obtained by:

IðkÞ!
f ðV ;IðkÞ;G1Þ! V 1ðkÞ
f ðV ;IðkÞ;G2Þ! V 2ðkÞ

� �
! V ðkÞ¼ V 1ðkÞþV 2ðkÞ

ð9Þ

For a parallel association, a similar procedure can be
applied considering a set of common voltages ½V ðkÞ� (see
Fig. 3) by using the relation:

½V ðkÞ� ! f ðV ; I ;GiÞ ! IðkÞ½ �i ð10Þ
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Fig. 5. I–V curves of 42-PV-cells: 33 unshaded and 9 shaded.
3.1. N-PV-cells model

The N-PV-cells is a set of N PV-cells in series. The N-
PV-cells cluster can be analyzed by means of a non-linear
equation system of N equations, where the current I is com-
mon to all N cells:

½f ðV i; I ;GiÞ� ¼ ½0� ð11Þ

The minimum value considered for current I in PV-cells
is zero when blocking diodes are installed in PV-strings,
which is a common practice. The maximum value consid-
ered (Imax) is equal to the short-circuit current for the max-
imum irradiance. Using these extreme values the following
discrete current vector is defined:

½IðkÞ� ¼ ½0;DI ; 2 � DI ; . . . ; k � DI ; . . . ; Imax� ð12Þ

where

� DI is the discretization step for currents (see Appendix
C);
� k is a positive integer number between k ¼ ½1; . . . ;K�

being K defined by ðK � 1Þ � DI ¼ Imax. So each element
of discrete vector is: I ðkÞ ¼ ðk � 1Þ � DI .

For each I(k) current, the voltage Vi in the i PV-cell can
be obtained from (2) by Newton–Raphson using:

V ðaÞi ¼ V ða�1Þ
i þ

�f V ða�1Þ
i ; I ðkÞ;Gi

� �
@f V ða�1Þ

i ;IðkÞ;Gið Þ
@V i

ð13Þ

where a is the number of iteration. Thus, N voltages V i are
obtained for each I(k) current (one for each i PV-cell) and,
therefore, the voltage of N-PV-cells is expressed as:

V ðkÞ ¼
XN

i¼1

V iðkÞ ð14Þ

In conclusion, the N-PV-cells discrete model can be
defined by the discrete vectors:
½I ðkÞ� ¼ ½I ð1Þ;I ð2Þ;I ð3Þ; . . . ;I ðkÞ; . . . ;I ðKÞ�

½V ðkÞ� ¼ ½V ð1Þ;V ð2Þ;V ð3Þ; . . . ;V ðkÞ; . . . ;V ðKÞ� ¼
XN

i¼1

V ðkÞ
� �

i

ð15Þ

In Fig. 4 is shown the N-PV-cells circuit and the discrete
model of the N-PV-cells.

As an example, Fig. 5 presents the I–V curves of a sys-
tem of 42-PV-cells, 33 of them with 1000 W/m2 (unshaded)
and 9 with 100 W/m2 (shaded). The voltages for a current
I = 1.5 A, also shown in the figure, are calculated by means
of:

V ¼
X42

i¼1

V i ¼ 33 � V d þ 9 � V h ¼ 15:6� 19:06 ¼ �3:456 V

where Vd is the voltage for unshaded PV-cells and Vh is the
voltage for shaded PV-cells. They were obtained using the
N–R method using (13).

3.2. PV-group model

A PV-group is composed by N-PV-cells and one bypass
diode in parallel (see Fig. 6). The PV-group can be mod-
elled by a non-linear system defined by:
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½f ðV i; I ;GiÞ� ¼ ½0� N-PV-cells in series

I 0 ¼ I0 e
�q�V
kBT � 1

� �
Bypass diode in parallel

V ¼
PN

i¼1V i

J ¼ I þ I 0

8>>>><
>>>>:

ð16Þ

where

� I is the current in series cells;
� I0 is the current in bypass diode;
� J is the output current of PV-group;
� V is PV-group voltage and Vi is the “i” PV-cell voltage.

The behaviour of the PV-group depends on the biasing
of the bypass diode. When the diode is reverse biased the
current through it is almost equal to zero, and the behav-
iour of the PV-group is the same as the behaviour of the
N-PV-cells. On the other hand, when the diode is forward
biased, the voltage of the PV-group depends on the current
in the diode and in the N-PV-cells. As a consequence, the
following procedure is used to obtain the current in the
PV-group:

(1) The voltage and current pairs for PV-group can be
represented by:

J ðkÞ
� �

¼ J ð1Þ; . . . ; J ðKÞ
� �

V 0ðkÞ
h i

¼ V 0ð1Þ; . . . ; V 0ðKÞ
h i ð17Þ

where must be taken into account that the set of values of
current in vector ½J ðkÞ� are the same than those chosen for
I ðkÞ
� �

, so:

J ðkÞ
� �

¼ I ð1Þ; . . . ; I ðKÞ
� �

ð18Þ

(2) For the voltage V > 0, the bypass diode presents
reverse biasing, therefore, by (16) the bypass diode
current is I 0 � 0. So, the discrete voltage vector can
be written as:

V 0ðkÞ
h i

¼ V ð1Þ; V ð2Þ; . . . ; V ðkÞ; . . . ; V ðK 0Þ; V
0
ðK 0þ1Þ; . . . ; V 0ðKÞ

h i
ð19Þ

where K0 represents the index of vector [V(k)] for N-PV-
cells, defined in (15), when V(K0) P 0 and V(K0+1) < 0. So
the first K0 elements of ½V 0ðkÞ� are equal to those obtained
for N-PV-cells.
(3) The diode is in forward biased when voltage V in
N-PV-cells is negative. The transition between reverse
and forward bias of the diode is defined by the
current IV=0 at zero voltage (V = 0) and it can be
obtained from:

IV¼0 ¼ I ðK 0Þ þ
DI

V ðK 0þ1Þ � V ðK 0Þ
� ð0� V ðK 0ÞÞ ð20Þ

Nevertheless, if the DI step is small enough, it can be as-
sumed that V ðK 0Þ � 0 and IV¼0 � I ðK 0Þ.

(4) For the voltage V < 0 the bypass diode presents for-
ward biasing, therefore, using (16), the PV-group
voltage is limited by the bypass diode. To obtain
the resulting voltages, an incremental equivalent cir-
cuit for voltage V < 0 can be used (see Appendix B)
and the following results can be derived:

I � IV¼0

J ¼ I 0 þ IV¼0

�
ð21Þ

So, according to (3), (20) and (21), elements from K0 + 1
to K of ½V 0ðkÞ� can be obtained using:

V 0ðkÞ ¼ �
kBT

q
� Ln

I ðkÞ � IV¼0

I0

þ 1

� 	
ð22Þ

The equivalent circuit and the discrete model of a PV-
group are shown in Fig. 7.

As an example, Fig. 8 presents the I–V curve of a PV-
group constituted by 42-PV-cells: 33 with 1000 W/m2

(unshaded) and 9 with 100 W/m2 (shaded) and a bypass
diode. This case is the same as shown in Fig. 5 but includ-
ing the bypass diode.

3.3. PV-module model

A PV-module is a series association of the R PV-groups.
Therefore, the discrete model of the PV-module is the result
of the association of the R PV-groups with the same cur-
rent J(k). So, the R PV-groups can be defined by vectors:

½J ðkÞ�; V 0ðkÞ
h i

r¼1;...;R
ð23Þ

In this way, the discrete model of the PV-module (see
equivalent circuit of Fig. 9) is defined by the discrete
vectors:
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½J ðkÞ� ¼ ½J ð1Þ; J ð2Þ; . . . ; J ðkÞ; . . . ; J ðKÞ�
½U ðkÞ� ¼ ½U ð1Þ;U ð2Þ; . . . ;U ðkÞ; . . . ;U ðKÞ�

ð24Þ

where

� ½U ðkÞ� ¼
PR

r¼1 V 0ðkÞ
h i

r
;

� U(k) is the PV-module voltage for current J ðkÞ.

As an example, the I–V curve for a shaded PV-module
(see Fig. 10), formed by three PV-groups of 20 cells per
group is shown in Fig. 11. The first PV-group has 4 fully
shaded cells and 6 partially shaded (3 with 25% and 3 with
75% areas shaded); the second PV-group has 2 partially
shaded cells (one with 25% and another with 75% shaded
area) and, finally, the third represents an unshaded PV-
group.

3.4. PV-string model

A PV-string is a series association of M PV-modules.
Therefore, the following PV-module discrete vectors must
be used:

J ðkÞ
� �

m¼1;...;M
; U ðkÞ
� �

m¼1;...;M
ð25Þ

where ½J ðkÞ� ¼ J ðkÞ
� �

1
¼ � � � ¼ J ðkÞ

� �
m
¼ � � � ¼ J ðkÞ

� �
M

.

In conclusion, the PV-string discrete model (see equiva-
lent circuit of Fig. 12) can be defined by the vectors:

½J ðkÞ� ¼ ½J ð1Þ; J ð2Þ; . . . ; J ðkÞ; . . . ; J ðKÞ�
½U 0ðkÞ� ¼ ½U 0ð1Þ;U 0ð2Þ; . . . ;U 0ðkÞ; . . . ;U 0ðKÞ�

ð26Þ
where

� U 0ðkÞ is the PV-string voltage for current J(k);

� ½U 0ðkÞ� ¼
PM

r¼1 U ðkÞ
� �

r
¼
PRxM

r¼1 V 0ðkÞ
h i

r
.

Fig. 12. Equivalent circuit of PV-string.
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3.5. PV-array model
Fig. 14. PV-array on a tracker shaded by other tracker (UTM 29T
525820.68E 466832.28N).
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A PV-array is a parallel association of L PV-strings.
Therefore, the PV-array discrete is formed by L PV-strings
with the same voltage U 0ðkÞ.

Parallel association has been analyzed using a similar
technique than that shown in Section 3, taking into account
that the common variable in this association is the voltage.
As a consequence, the following discrete voltage vector is
defined:

½U 00ðsÞ� ¼ ½0;DU ; 2 � DU ; . . . ; s � DU ; . . . ; S � DU � ð27Þ

where

� U 00ðsÞ ¼ ðs� 1Þ � DU ;
� s is a positive integer number between s ¼ ½1; . . . ; S�

being S defined by ðS þ 1Þ � DU ¼ NxRxM � V 0;
� V0 is the open voltage of the PV-cell.

The corresponding discrete current vector ½J 0ðsÞ� has to be
obtained, where:

J 0ðsÞ
h i

¼ J 0ð1Þ; J
0
ð2Þ; . . . ; J 0ðsÞ; . . . ; J 0ðSÞ

h i
ð28Þ

It must be taken into account that the values for L current

discrete vectors J ðkÞ
� �

1
� � � � � J ðkÞ

� �
L

(see Fig. 13) and the

corresponding L voltage vectors U 0ðkÞ
h i

1
to U 0ðkÞ
h i

L
are

known.
To obtain ½J 0ðsÞ�, a linear interpolation technique can be

used. The process is:

(1) For each element of defined voltage U00, the nearest
values in the discrete vectors are obtained:

U 00ðsÞ !
U 0

1ðs1�1Þ < U 00ðsÞ < U 0
1ðs1Þ ! J 1ðs1�1Þ ; J 1ðs1Þ

. . .

U 0LðsP�1Þ < U 00ðsÞ < U 0LðsP Þ ! J LðsP�1Þ ; J LðsP Þ

ð29Þ

where sr represents the index in the discrete vector U 0ðsÞ
h i

r
of the “r” PV-string for the nearest voltage to U 00ðsÞ.

(2) Then, the linear interpolation is used:

J 0
1ðsÞ
¼ J 1ðs1�1Þ þ DI

U 0
1ðs1Þ
�U 0

1ðs1�1Þ
� ðU 00ðsÞ � U 0

1ðs1�1Þ Þ
. . .

J 0LðsÞ ¼ J LðsP�1Þ þ þDI
U 0LðsP Þ�U 0

LðsP�1Þ
� ðU 00ðsÞ � U 0LðsP�1Þ Þ

9>>=
>>; ð30Þ

(3) And, finally, each element of discrete vector of
PV-array current ½J 00ðsÞ� is:
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PV-array 

discrete model
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J’’

( )[ ] ( )[ ]s sJ '' ; U ''
U”

J’’

( )[ ] ( )[ ]k kJ ; U '

+

_

+
_

Fig. 13. Equivalent circuit of PV-array.
J 00ðsÞ ¼
XP

i¼1

J 0iðsÞ ð31Þ

As an example, a PV-array (see Fig. 14) formed by 6 PV-
strings with 9 PV-modules each one has been analyzed. The
system has been supposed under a beam irradiance Gb

equals to 900 W/m2, and a diffuse irradiance Gd equals to
100 W/m2. In this situation, the following shading condi-
tions has been studied:

� Unshaded: shading coefficients equals to one (r = 1) in
every cell.
� Partially shaded, with different shading coefficients

(r = 0–1) between cells. The shadow geometry for this
case is shown in Fig. 14.
� Uniformly shaded, with a common shading coefficient

equal to 0 (r = 0).

As a result, the PV-array I–V curves shown in Fig. 15
have been obtained.

3.6. Application of discrete method to energy evaluation of

PV-array

From the proposed discrete model can be obtained the
electric power in PV-array by means of:
0 50 100 150 200 250 300 350 400 450
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unshaded PV-array
shaded PV-array

Fig. 15. Curve I–V of a shaded array.



Fig. 17. PV-array shaded by a structural element.
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½P ðsÞ� ¼ ½P ð1Þ; P ð2Þ; . . . ; P ðsÞ; . . . ; P ðSÞ� ð32Þ

where P ðsÞ ¼ U 00ðsÞ � J 00ðsÞ. From this equation, the Maximum
Power Point (MPP) can be obtained using:

P � ¼ P ðnÞ ¼ max
n
½P ð1Þ; P ð2Þ; . . . ; P ðkÞ; . . . ; P ðSÞ� ð33Þ

where “n” represents the index of ½P ðsÞ� for the MPP value
P*. Using the index “n” it is possible to obtain the voltage,
current and power of any element of the PV system. This
can be done by reverse searching of the indexes of discrete
vectors that are involved in the calculation of the PV-array
solution.

As an example, in Fig. 16 it is shown the power curve of
the array of the example of Fig. 15. The Maximum Power
Point (MPP) value is the maximum value of each power
curve.

4. Examples and results

Within this section, several examples are presented to
test the performance of the proposed discrete model. The
first example is a PV-array formed by mono-crystalline
modules with a shaded area that moves over time. The sec-
ond one is a PV-array composed by CIS modules and with
a shaded area that grows over time. Finally, the third one
considers a PV-array with mono-crystalline modules, also
with a shaded area that enlarges over time.

4.1. PV-array mono-crystalline with a shaded area that

moves over time

This section analyses an array with 10 mono-crystalline
modules disposed in one string of modules. Each module
has three groups with 20 cells in each group (Fig. 17). A
structural element causes a shadow of a rectangular shape.
This shaded area changes with the sun’s displacement. The
width of this obstacle doubles the width of the cells. When
the shadow is in the gap between modules 5 and 6 the
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Fig. 16. Curve P–V of an array.
PV-array is not shaded, and the power is at its maximum.
Afterwards, the shadow moves itself and shades 5 modules.

In Fig. 18 it is shown the I–V characteristics for the
installation of Fig. 17 considering the evolution of the
shaded area from 0� to 60�. The power evolution is shown
in Fig. 19 where the MPP values are represented by red
circles.
4.2. PV-array CIS with a shaded area that grows over time

In this paragraph, an example of a tracker with 54 CIS
modules disposed in 6 strings of 9 modules each one is con-
sidered. The arrangement of the modules is horizontal, and
the modules of each string are disposed in columns
(Fig. 20). In this example, the shaded area grows from
0% to 78% of the overall PV-array area.

The method proposed in II is used to calculate the I–V

curves of rectangular shadows on the tracker (Fig. 21).
The MPP of each curve has been obtained as shown in
Fig. 22 (see red circles).
4.3. PV-array mono-crystalline with a shaded area that

grows over time

In this case, an example of a tracker with 2 strings of 10
modules in series association is studied. Each module is
formed by 3 groups of 24 cells with a serial bypass diode
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Fig. 18. I–V curves of an array with shadows of a structural element.
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Fig. 19. P–V curves of an array with shadows of a structural element.

Fig. 20. PV-array with 6 strings of 9 CIS modules each one(UTM 29T
525820.68E 466832.28N).
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Fig. 22. P–V curves of a PV-array with shadows.

Fig. 23. PV-array with 2 strings of 10 mono-crystalline modules each
one(UTM 29T 525820.68E 466832.28N).
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on each one. The arrangement of the modules is horizontal,
and the modules of each string are disposed in two columns
(Fig. 23).

The results obtained with the proposed method are
shown in Fig. 24 and Fig. 25, when a rectangular shadow
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Fig. 21. I–V curves of an array with shadows.
grows as presented in Fig. 23 (from 0% to 62.5% of the
area).

5. Conclusions

This paper presents a simple and fast method for calcu-
lating the I–V curve of partially shaded PV installations.
Nevertheless, the method can be used for any irradiance
and temperature conditions in PV-cells.

The method is based on the discretization of currents
and voltages in the PV-cells and in the bypass diode. The
relation between current and voltage in PV-cells is
established using a non-linear implicit function where the
irradiance and temperature are considered. These implicit
functions are solved by using a Newton–Raphson
algorithm.

The partial shading in the PV-cell is modelled by differ-
ent irradiance levels between cells.

The proposed method allows the modelling of a
PV-array by a pair of vectors of current and voltage.
Accordingly, the I–V characteristic of the PV-array can
be obtained by discrete modelling. Through this modelling,
any electrical variable, e.g. power or energy, can be easily
calculated.
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Fig. 24. I–V curves of a PV-array with the shadows of Fig. 23.
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Fig. 25. P–V curves of a PV-array with the shadows of Fig. 23.
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Since the irradiance and temperature for every single
PV-cell is taken into account, the proposed model for the
PV-array can be used to analyze any shading and temper-
ature condition (variable shadows, irregular shadows, hot
spots, etc.).
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Fig. 26. I–V curves of forward and reverse bias of a CIS cell.
Moreover, the proposed modelling allows for the calcu-
lating of every electrical variable in any PV-cluster (PV-
cells, PV-module. . .).

The paper finally concludes with three examples of PV-
arrays under different shading conditions where the sim-
plicity, capacity and flexibility of the proposed discrete
model are demonstrated.
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Appendix A

CIS PV-cell behaviour
Fig. 26 shows the curve for forward and reverse biasing

of a PV-cell which has been obtained experimentally with
an irradiance of 1000 W/m2 (Braunger et al., 1996;
Szaniawski et al., 2013;).

Crystalline PV-cell behaviour
The curves of crystalline PV-cells were obtained under

conditions of complete darkness using a current source.
It has been found out that the I–V curves have a large scat-
tering in the inverse bias region (Alonso-Garcı́a and Ruı́z,
2006; Bauer et al., 2009).

PV-cell parameters

Appendix B

The set of equations for a PV-group is:

N-PV-cells in series ½f ðV i; I ;GiÞ� ¼ ½0�

Bypass diode in parallel I 0 ¼ I0 � ðe
�qV
kBT � 1Þ

V ¼
PN

i¼1V i

J ¼ I þ I 0

8>>>><
>>>>:

ð34Þ

When the voltage in the diode is around its forward
voltage (V0 = �0.7 V), then the PV-group can be modelled
by means the following equations (see Fig. 27):

I ¼ I ðV 0Þ þ DI � I ðV 0Þ �
1

q
� DV ð35Þ

I 0 � I 0d0 þ DI 0 � DI 0 ¼ � 1

q0
� DV ð36Þ

where

� I0 is the current the bypass diode current for forward
bias.
� I = I(V0) + DI is the current in N-PV-cells.
� q is the equivalent resistance of N-PV-cells and it is

defined by (35) using the values of the vector (15).
� q0 is the equivalent resistance of bypass diode, and it is

defined by (36).
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Table 1
Parameters of PV-cells.

Crystalline CIS

I0 (A/cm2) 5.5 � 10�9 9.3 � 10�10

IL0 (A/cm2) 32.7 � 10�3 26.8 � 10�3

Rs (X cm2) 0.5 3.5
Rp (X cm2) 1000 1200
n 1.5 1.25
Vbr (V) �15 �4
m 3.8 3.8
a 0.35 0.35
s (cm2) 10 � 10 125 � 0.8

Table 2
Resulting i and i + 1 elements of discrete vectors.

V I u v

i 0.1586 2.64 0.2927 �2.4757
i + 1 �0.7596 2.65 0.1909 �2.4777
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Using those equations the following relations can be
established:

DV ¼
PN

i¼1DV i¼
PN

i¼1
dV i
dI




V 0
�DI��ð

PN
i¼1qiÞ �DI��q �DI

DV ¼ dV
dI 0




V 0
�DI 0 ��q0 �DI 0

dV i
dI




V 0
� DV i

DI




V 0

dV
dI 0 ¼

kBT
q ð 1

I 0V 0
þI0
Þ¼q0

9>>>>>>=
>>>>>>;

!
DI¼ q0

qþq0 �DJ

DI 0 ¼ q
qþq0 �DJ

ð37Þ

where for V = 0 results q	 q0 � 5000 MX and
consequently:

DI � DJ

DI 0 � 0

�
! J � IV¼0 þ DI ð38Þ

And, for V < V0 results q
 q0 � 0.008 X so:

DI � 0

DI 0 � DJ

�
! J � IV 0

þ DI 0 � IV¼0 þ DI 0 ð39Þ

As an example, it is analyzed a PV-group when its total
voltage is around zero (V � 0). It is supposed to be com-
posed by 10 CIS PV-cells with 9 of them with an irradiance
of 1000 W/m2 and the last one with 100 W/m2 (diffuse irra-
diance). The resulting I–V curves for the different PV-cells
are shown in Fig. 28. In this situation, the elements i and
i + 1 in discrete vectors are shown in Table 2, where:

� u is the voltage of each PV-cell with G = 1000 W/m2;
� v is the voltage of PV-cell with G = 100 W/m2;
� V is the voltage of PV-group: V ¼ 9 � uþ 1 � v.

So, the equivalent resistance is determined by:

q ¼ � ðN � H �ÞDu
DI
� H � Dv

DI

� 	

¼ � 9 � 0:1909� 0:2927

0:01
� 1 � 2:4777� 2:4757

0:01

� 	
¼ 91:42 X
And the PV-cell current for V = 0 and V = �0.7 V can be
determinated by the numerical linear interpolation:

IV¼0 � IðiÞ þ DI
V ðiþ 1Þ � V ðiÞ ð0� V ðiÞÞ ¼ 2:64þ 0:1586

q

¼ 2:6417 AIV¼�0:7

� IðiÞ þ DI
V ðiþ 1Þ � V ðiÞ ð�0:7� V ðiÞÞ

¼ 2:64þ 0:8586

q
¼ 2:6494 A
Appendix C

Discretization step for current
The derivate of the implicit function (1) is:

df ¼ @f
@V
� dV þ @f

@I
� dI ¼ 0! dV

dI

¼ � @f
@I

� 	
� @f
@V

� 	�1

ð40Þ
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where

@f
@V

� 	
¼ I0

q
kBT

e
qðVþIRsÞ

kBT þ 1

Rp
þ 1

Rp
a 1� V þ IRs

V br

� 	�m

þ V þ IRs

Rp
am 1� V þ IRs

V br

� 	�m�1
1

V br

@f
@I

� 	

¼ 1þ Rs
@f
@V

� 	

For a given discretization step Du, the minimum discret-
ization step DI, when u is around zero, and using (40) is:

DI < Du
@f
@I

� 	




V¼0

@f
@V

� 	




V¼0

� 	�1

ð41Þ

Thus, using the parameters in Table 1, this value for a CIS
cell is DI < Du/9.4 and, for a crystalline cell is DI < Du/7.5.
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